We study the generalized conformal quantum mechanics of the probe D0-brane in the near horizon background of the bound state of source D0-branes. We elaborate on the relationship of such model to the M theory in the light cone frame.
I. INTRODUCTION
According to the holographic principle [1] [2] [3] , the bulk theory (with gravity) and the boundary theory (without gravity) are equivalent. Such correspondence gives insight into one theory from the other. Interest in the holographic principle is revived from the recent observation [4] that the bulk gravity theory in the near horizon geometry of brane configuration is equivalent to the boundary theory described by the corresponding worldvolume field theory in the decoupling limit. (The closely related previous works in Refs. [5, 6] study the correspondence between the bulk theory on the AdS space and the boundary supersingleton field theory.) In particular, when the near horizon geometry is the AdS space, i.e. D3-brane, M2-brane and M5-brane cases, the boundary theory is conformal. However, it is found out in Refs. [7, 8] that even for other branes, whose near horizon geometry is not the AdS type and therefore the corresponding boundary theory is not a "genuine" conformal theory, one can still define "generalized" conformal theory.
The symmetry group of such generalized conformal theory can be manifestly seen in the bulk theory in the so-called "dual" frame [5, 6, [9] [10] [11] . The dual frame is regarded as a preferred frame for supergravity probes in the near horizon background of the source branes. In this frame, the near horizon geometry of a p-brane supergravity solution takes the AdS p+2 × S n form. The SO(p + 1, 2) isometry of the AdS p+2 part is realized in the boundary theory as the "generalized" conformal symmetry of Refs. [7, 8] . The dual frame is also called a "holographic" frame, since an UV/IR connection between the bulk and the boundary theory is manifest in this frame.
In this paper, we study the D0-brane case of such generalized conformal theory. D0-brane is particularly interesting for its relevance to M theory. An important discovery of the M(atrix) model is that difficult problems of quantum M theory is reduced to nonrelativistic quantum mechanics. Originally, it is conjectured [12] that M-theory in the infinite momentum frame (IMF) [13] is exactly described by the U(∞) D = 1 super-Yang-Mills (SYM) theory, which is the worldvolume theory of the bound state of the infinite number (N → ∞) of D0-branes. The D = 1 U(N) SYM theory, which is the supersymmetric matrix model description of the supermembrane theory [14] , is nothing but the maximally supersymmetric U(N) Yang-Mills theory dimensionally reduced from 9+1 to 0+1 dimensions (i.e. N × N hermitian matrix quantum mechanics). It is further conjectured [15] that the equivalence of (M)atrix theory to M-theory is also valid for a finite N. The conjecture states that M-theory compactified on a light-like circle with finite momentum along the circle is exactly described by a U(N) matrix theory. The quantization of such theory is called the discrete light-cone quantization (DLCQ). One can think of this light-like circle as a small space-like circle that is boosted by a large amount [16] . Just like M-theory in the IMF, M-theory in the light-cone frame (LCF) is described purely by D0-branes with positive momentum and has the Galilean invariance in the transverse space [15] . Therefore, M-theory on a light-like circle can be viewed as a theory of the finite number of D0-branes in the low velocity (non-relativistic) limit.
This idea can also be understood from the bulk/boundary duality as follows. When compactified on a light-like circle, the supergravity M-wave solution (viewed as the supergraviton with the momentum number N) becomes the near horizon limit of supergravity solution for N coinciding D0-branes [17] . Since M-theory in the LCF in the supergravity solution level is related to the near horizon limit of the supergravity D0-brane solution, by the generalized AdS/CFT duality [18, 7, 8] M-theory in the LCF has to be related to the boundary theory of the bound state of N D0-branes. This boundary theory is the maximally supersymmetric SU(N) Yang-Mills theory dimensionally reduced from 9 + 1 to 0 + 1 dimensions, as stated in the (M)atrix theory conjecture.
In this paper, we view the non-relativistic (matrix) quantum mechanics of bound states of D0-brane as a system of the probe D0-brane moving in the background of large number of source D0-brane bound state. This view of (M)atrix model is also taken in Ref. [17] , which reproduces the (M)atrix model graviton-graviton scattering calculation from the effective action for a probe moving in the background of the M-wave supergravity solution. It is further shown in Refs. [7, 8] that the Dirac-Born-Infeld (DBI) action for a radially moving probe D0-brane in the background of the source D0-brane bound state can also be determined by imposing the generalized conformal symmetry of the boundary theory, which is just the D = 1 U(N) SYM theory describing the M theory in the LCF.
The quantum mechanics of the probe D0-brane in the near horizon background of the source D0-brane is a reminiscence of the conformal quantum mechanics of the charged test particle moving in the near horizon background of the D = 4 extreme Reissner-Nordström black hole studied in Ref. [19] . The radial motion of such test particle is described by the relativistic conformal quantum mechanics with the SL(2, R) ∼ = SU(1, 1) symmetry. This is a generalized version of (non-relativistic) conformal mechanics studied in Refs. [20, 21] . One can view such generalized conformal mechanics of the radial motion of the test particle as the boundary conformal field theory counterpart of the bulk gravity theory in the near horizon Ads 2 geometry of the extreme Reissner-Nordström black hole, since the SO(1, 2) ∼ = SU(1, 1) isometry of the AdS 2 space is realized as the symmetry of the dynamics of the test particle in the spacetime with one lower dimension. Since the near horizon geometry of the source D0-brane supergravity solution in the dual frame is AdS 2 × S 8 , one would expect that the dynamics of the probe D0-brane in this background has the SL(2, R) ∼ = SO(2, 1) symmetry. In the D0-brane case, since this symmetry does not extend to the genuine conformal symmetry of the boundary theory but only to the so-called generalized conformal symmetry [7, 8] as pointed out in the above, the quantum mechanics of the probe D0-brane will have a generalized conformal symmetry.
The paper is organized as follows. In section 2, we summarize the properties of the near horizon geometry of the supergravity D0-brane solution. In section 3, we study the "generalized" conformal quantum mechanics of D0-brane, elaborating its relation to M theory as pointed out in the above.
II. D0-BRANE SOLUTION IN THE NEAR HORIZON REGION
In this section, we survey aspects of the D0-brane supergravity solution and its near horizon geometry, illuminating their relations.
The string-frame type-IIA effective supergravity action for D0-brane solution is given by
where G 10 is the 10-dimensional gravitational constant, R str and G str are the Ricci scalar and the determinant for the the string-frame metric tensor G str M N , φ is the dilaton in the NS-NS sector and F M N is the field strength for the RR 1-form potential A M that D0-branes couple to.
The supergravity solution for the D0-brane has the following form:
where g s is the string coupling constant, which is just the vacuum expectation value or the asymptotic value of the dilaton e φ . Here, the D0-brane charge Q is related to the string theory quantities as
where α ′ is related to the string length scale l s as l s = √ α ′ and N is the number of the D0-branes. By expanding the Dirac-Born-Infeld (DBI) action for the D0-brane to the lowest order in α ′ , one finds the following relation of the string theory quantities to the Yang-Mills gauge coupling g Y M :
Therefore, the constant Q in the harmonic function is rewritten in terms of the SYM quan-
In order to decouple the massive string modes (whose masses are proportional to 1/α ′ ) and the gravity modes (whose strength goes as g
from the massless open string modes, which describe the Yang-Mills theory, one has to take α ′ → 0, while keeping g Y M as a finite constant, which means for the D0-brane case g s → 0 as well (Cf. Eq. (4)). Furthermore, the above metric (2) can be regarded as the gravitational field felt by a probe D0-brane in the background of the collection of N numbers of source D0-branes with the radial coordinate r being interpreted as the distance between and probe and source D0-branes [22] . So, in order to keep the mass m string = r/α ′ of the state of open string, which stretches between the source and the probe, finite, one has also take the limit r → 0 while keeping the following combination as a finite constant:
thereby going to the near horizon region of the supergravity solution (2) . This combination also corresponds to the conventional super-Yang-Mills scalar Φ I = X I /l 2 s , whose vacuum expectation value sets the energy scale. In this decoupling limit, the supergravity solution (2) takes the following form:
The above supergravity solution (6) can be trusted when the spacetime curvature R ∼
is much smaller than the string scale (α ′ ) −1 and string coupling e φ is very small, leading to the following constraints on U and the original radial coordinate r:
On the other hand, the near horizon condition r ≪ µ = Q 1 7 is expressed in terms of string theory quantities as r ≪ √ α ′ (g s N)
. So, for sufficiently large N and small g s , the supergravity solution (6) can be trusted in the overlapping region of U.
Note, the near horizon geometry of the D0-brane supergravity solution in the string frame is not AdS 2 × S 8 , since when the metric is expressed in the following suggestive form
the radius ρ 0 ≡ Q/((α ′ ) 5 U 3 ) of the would-be AdS space depends on the coordinate U. However, with the suitable choice of frame, called the "dual" frame [5, 6, 11] , the spacetime metric in the near-horizon region takes the AdS 2 × S 8 form. Namely, if one applies the Weyl transformation 1 on the metric as
φ G str M N , then the metric in (6) transforms to
By further redefining the radial coordinate asr = ( 
where u =r/α ′ . In the dual frame, in which the metric in the near horizon takes the above AdS form, the effective action (1) takes the following form:
On the other hand, one can view the D0-brane solution (2) as being magnetically charged under the Hodge-dual field strength to the field strength of the 1-form potential in the RR sector. Namely, the supergravity solution (2) solves the equations of motion of the following effective action and is magnetically charged under the 7-form potential A M 1 ···M 7 :
where F M 1 ···M 8 is the field strength of the 7-form potential A M 1 ···M 7 . In the dual frame with the spacetime metric
φ G str M N , the action (13) takes the following form [11] :
As in Ref. [11] , if one properly includes the factor involving N in the Weyl transformation of the metric, i.e. G 
. This is reminiscence of the holographic UV/IR connection between the bulk and the boundary theory [23, 24] , if one identifies u with the energy scale E of the boundary theory [11] .
In this case, the effective action in the dual frame takes the following form [11] :
The near horizon form of D0-brane solution to the associated equations of motion is:
where u 0 = 2/5. From this solution, one can see that there is an spontaneous compactification [25] on S 8 of the D = 10 action (15) to the following 2-dimensional effective gauged supergravity action [11] :
The near-horizon D0-brane supergravity solution (16) is reduced under this S 8 compactification to a domain solution [26] [27] [28] , which is supported by the cosmological term in the action (17) .
III. GENERALIZED CONFORMAL MECHANICS OF D0-BRANES
We consider a probe D0-brane with mass m and charge q moving in the near horizon geometry of the source N D0-brane bound state. The gravitational field felt by the probe D0-brane in the string [dual] frame is given by Eqs. (6) and (9) [Eqs. (10) and (11)]. Here, once again, r is the radial distance between the source and the probe D0-branes. The probe D0-brane moves with the 10-momentum p = (p M ) = (p t , p 1 , ..., p 9 ) and its time-component is the (static-gauge) Hamiltonian H = −p t . The expression for the Hamiltonian of the probe D0-brane in the near horizon background of the source D0-brane can be obtained by solving the mass-shell constraint of the probe D0-brane.
Unlike the case of Ref. [19] , which studies a charged particle in the Einstein-Maxwell theory, the probe D0-brane satisfies the mass-shell constraint which is different from the ordinary constraint 0 = (p − qA)
. This is due to the non-trivial dilaton field that is present for the D0-brane solution. So, here we rederive the mass-shell condition for the case of D0-branes. The action for the probe D0-brane with the mass m and the charge q moving in the background of the source D0-brane has the following form:
where
is the 10-velocity of the probe D0-brane. Note, since we choose the static gauge for the action, the worldline time τ and the target-space time t are set to equal. Once again, G str M N and A M are the fields produced by the source D0-brane. Note, in this action the metric G str M N is in the string frame. The (generalized) momentum conjugate to x M (τ ) is
As usual,
MẋN is the ordinary 10-momentum of the D0-brane. From this, one obtains the following mass-shell constraint for the probe D0-brane in the stringframe background of the probe D0-brane:
To obtain the expression for the Hamiltonian H = −P t for the probe D0-brane mechanics, we solve this mass-shell constraint (20) . We consider the following general spherically symmetric D = 10 metric Ansatz:
where µ 1 = sin θ, µ 2 = cos θ sin ψ 1 , µ 3 = cos θ cos ψ 1 sin ψ 2 , µ 4 = cos θ cos ψ 1 cos ψ 2 sin ψ 3 . (22) Then, the expression for the Hamiltonian H takes the following form:
Here, A t is the time component of the 1-form field A M of the near-horizon source D0-brane supergravity solution (6) and L 2 is the angular momentum operator of the probe D0-brane given by
First, we consider the probe D0-brane moving in the string-frame near horizon background of the source D0-brane. In the original work [19] of the superconformal mechanics of a test charged particle in the near horizon geometry of the Reissner-Nordström black hole, it was necessary to redefine the radial coordinate so that the metric components A and B in Eq. (21) satisfy the relation A = B 2 for the purpose of setting the factor A − 1 2 B in Eq. (23) equal to 1. However, in the D0-brane case, as we will see, it is more convenient to work with the original form (6) of near horizon metric, since the expression for the Hamiltonian becomes simpler in the original radial coordinate.
By substituting the string-frame near horizon metric into the general formulae (23) and (24), one obtains the following Hamiltonian for the probe D0-brane in the string-frame near horizon background of the source D0-brane bound state:
where f and g are given by
or in terms of the SYM theory variables
It is interesting that the term A −1 A 2 t e 2φ in Eq. (24) becomes 1 for the near horizon D0-brane solution (6) . So, the expressions for f and g becomes greatly simplified. And, in particular, in the extreme limit (m − q → 0) of the probe D0-brane, the first term in g drops out. This also generally holds for any dilatonic 0-brane supergravity solutions.
Just as in the case of the test charged particle in the Reissner-Nordsröm black hole background, the mechanics of the probe D0-brane has the SL(2, R) symmetry with the following generators:
where the Hamiltonian H generates the time translation, K generates the special conformal transformation and D generates the scale transformation or the dilatation. These generators satisfy the following SL(2, R) algebra:
This is the D0-brane generalization of conformal quantum mechanics studied in Refs. [20, 21, 19] . In fact, the near horizon solution (6) , when uplifted as a solution of the 11-dimensional gravity (i.e. the 11-dimensional plane wave solution), is invariant under the SU(1, 1) ∼ = SL(2, R) isometry 2 generated by the scale transformation δ D , the special coordinate transformation δ K and the time translation δ H [7] . Under the time translation, δ H t = 1, δ H U = 0 and δ H g s = 0. Under the special coordinate transformation,
U 5 ), δ K U = 2tU and δ K g s = 6tg s . Finally, under the dilatation, δ D t = −t, δ D U = U and δ D g s = 3g s . And A t transforms as a conformal field of dimension 1. These infinitesimal transformations satisfy the following SL(2, R) algebra just like the symmetry generators (30) of the probe D0-brane mechanics:
Note, the string coupling g s changes under the dilatation and the special coordinate transformation, and especially g s becomes time dependent after the special coordinate transformation is applied. Thereby, this SL(2, R) isometry of the near horizon geometry does not extend to a conformal symmetry of the complete supergravity solution. The corresponding boundary theory, i.e. 0 + 1 dimensional SYM matrix quantum mechanics, has the same SL(2, R) symmetry, but the string coupling g s also transforms under this symmetry, unlike the case of D3-brane. However, as noted in Ref. [7] , since the dilaton coupling g s is related to the matrix model coupling constant, one can still think of 'generalized' SL(2, R) conformal symmetry in which the string coupling is now regarded as a part of background fields that transform under the symmetry. The 'generalized' conformal symmetry therefore transforms a matrix model at one value of the coupling constant to another. Note, as pointed out in the previous section, D0-brane in the dual frame has description in terms of domain-wall solution after the compactification on S 8 . So, this is also related to the fact that in the domain-wall/QFT correspondence the choice of horosphere (the hypersurface of constant u) for the Minkowski vacuum corresponds to a choice of coupling constant of a non-conformal QFT [11] . In the non-conformal case, the interpolation between the AdS Killing horizon (in the dual frame) and its boundary therefore corresponds to an interpolation between strong and weak coupling, or vice versa.
The extreme limit of the probe D0-brane ((m − q) → 0) can be interpreted as the M theory in the LCF, since in this case both the source and the probe D0-branes are in the BPS limit. In this case, the functions f and g are simplified to
Unlike the case of a charged test particle in the near horizon Reissner-Nordsröm black hole background studied in Ref. [19] , we do not let the mass of the source D0-brane bound state go to infinity, since the number N of the D0-branes in the M theory on the LCF is kept finite. The fact that we are considering the near horizon geometry of the D0-brane supergravity solution means that we are in the LCF of M theory, since the near horizon geometry of the D0-brane supergravity solution is also the null reduction of the M wave supergravity solution [17] , which is interpreted as M theory in the LCF. Taking N to infinity, i.e. infinitely massive source D0-brane, corresponds to M theory in the IMF. Note, the IMF is defined as the limit in which N and R 11 go to infinity such that the momentum P 11 = N/R 11 also goes to infinity. Since
, one can take both P 11 and R 11 to infinity while taking N → ∞, if U is in the range of g φ ].
Substituting the dual-frame near horizon solution (10) into this general expression for the Hamiltonian corresponding to the dual frame, one finds that the Hamiltonian in the dual frame has the same form as the string-frame Hamiltonian (26) with the same f and g (27) . In fact, in general the Hamiltonian describing probe D0-brane is independent of the near horizon spacetime frame of the source D0-brane. So, the dynamics of the probe D0-brane in the dual frame also has the SL(2, R) symmetry with the same symmetry generators (30) and algebra (31) as the string-frame case.
As pointed out in the previous section, the source D0-brane solution also has the (Hodge) dual description in terms of the 8-form field strength, whose magnetic charge now is carried by the source D0-brane. In this case, by compactifying the D0-brane solution on S 8 one obtains a domain wall solution in 1 + 1 dimensions [28, 11] . This domain wall solution solves the equations of motion of a D = 2 SO(9) gauged maximal supergravity theory, which is an S 8 compactification of the type IIA supergravity. This SO(9), which is the largest subgroup of the SO(16) and the isometry group of S 8 upon which the D0-brane is compactified, is also the R-symmetry group of the corresponding boundary D = 1 QFT. In general, the R-symmetry of the supersymmetric QFT on the domain wall worldvolume matches the gauge group, which is the isometry group of the compactification manifold, of the equivalent gauged supergravity [11] .
Putting together all the above facts, namely (i) generalized conformal mechanics of the probe D0-brane in the string-frame near horizon background of the source D0-brane is related to the M theory in the LCF, (ii) the generalized conformal mechanics of the probe D0-branes in the string and the dual frames of the near horizon source D0-branes are described by the same Hamiltonian, (iii) upon the dimensional reduction on S 8 the bulk theory of the source D0-brane in the dual frame in the Hodge-dual description (in terms of the 8-form field strength) is the D = 2 SO(9) gauged maximal supergravity theory, one arrives at the speculation that the M theory in the LCF is related to the D = 2 SO(9) gauged maximal supergravity theory (i.e. a D = 2 Kaluza-Klein supergravity theory with domain wall vacuum).
